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1. Ttredactien

of groupoids (of. FETL and in this theory thoere ave bwo ey reselts One is that
G i wgroupoid thevs is an sguivalence between the categrory O (6} of opoerations
of 7 om setx lov faets as they are snlled? and the calegors S of rovering
gronpoeids of 0 (This sesull sewns fo have been stated Test i this forom in 183,
afthouh the soustrnotions nvedved had Deen ased previously.! The other
thad {4 is w draewiiive growpoidth fhere fs o Bieclicn between the epavaience
slagzes of traawsitive covering groupoids of & and the conjugsey Gosses of sub-
wronws of 6 Ul ressalt s absbvaet formalation of Roown vesults on eevering
apaees and the fandamendal group-it s due oo Hreewss 110, page F200)

Bl obviect oF this paper Is to prove fopolnoiead versioss of these resniis,

Tor the first vesuld there is ne problems, We define the eategory 7 Eowdll of
topelupiosl coverimg morphisns of the topelogieal sroupedl & we dodlew Bunks
aaxy [¥] in defining the category e i) of Loamess: and we prove the egul
vaderne o Lhese oategories, Flig allows us to give o nomber of ssefis] examples in

These cadogories.

The geeond prolles: presests Giffiomiies which aee velefed fo the fact that o
trimsibive ffapncs need not be o deanegeneons spece of 4. However we proesent o
eerrasponding result Tor the locally sebeial oo

I genersd this paper i indepondent of {31 howover, we will not repeat any
af the vesaiis which appmer thale

Houne of the vesuls of this paper sppeared i (6] smd T Bawise part of
1his reseavcl the secoond andher was sogperied by oas 5 RO Research Grang
BARAZAATA, avud the thivd sntbor wos supmoried by an B B O Besearch Stodent-
gl

& 2, General Case

Reoadd that o morphiss g0 B of grospoids is o covering morphisn if for
gach e Ob (7 the vesdviction of ¢ mapping Sf,y Sy & & bjestion, Let
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GOTON (M) be given by the paliback disgrnn of sels.
f:‘f i"()i‘r {Exf} P Y {_}b [}f}

s (g
A [

sesigning o e pady iy, ¥ the wnlgee clonent b of Sty sush thes glfl=g ddearly
g, B inverse to {g &0 N RO (. Se owe ean o stade: g H -4 s ocoevering
morphism i and only Hig, 0 H =@ 00 (H s u bijection. ki in terms of $his
funetion fp, &7 Bhat the notion of tepadngien] covering merphizsm @ wwss con.

vanriently phrased,

Befindion, AV Fomorphinm g M -0 of topoiogical oroupoids s o fopological
sozering morphism 3 the Dutebien (g @78 H G300 () o n homesmorphism,
Iresuch aense the Inverse todg, & s written vl called the Bfibng function.

Wotice thad the weniiiy 0 1z 0 topologicad covering meorphizm. Also the
pompesite ol topological eovering morphlams is agaln s dopologios] covering
oy this s one et of Phe Bollaowing proposition

Proposition 1. Swppose ivse o comiivhsive Slagias of worpbisne of opalogieal
grompoids

P ' -

&

in kel g ode o fopological covering wmorplbizve, Then p ds o topological covering
wigrphisan i e oily B ¢ ds a0 fopolegiond covering morphis.

The peocd s given in § 4.

Lot FH be the eadepory of topalopioad sroupokisover O the full subontegore
of thir o the topologived eoveering reorplismes Ewriten & oo By Proposition 1,
the morphions of this cotepory sre fopulogiend covering morphisms,

Thi bazic expempdes o topeloghend coverbng marphisms come Trom the relation
between these and epuoes, whose definttion s due to Expmsuawy [Th

Drefinition. & (left) G-aproe is o fviple (81 p, o) where 3 i o topologheal space,
B R s continuors Tunction, and g G XS 8, {8 - 0 -5, isaoontinuous
aetion with G085 siven by the pullb-back dugran

3 8 o §

Lol
G s O )

-

-
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Tha action ¢ musd selbisly the ssead axioms

(3] L s

whanever these sxyressions ave dedined.
By an abuse of anguage, we aleo say that F s o (lelt) Fapace vin p,
A morphism of {eft) Fospwes (8, poo; 13 g ¢t conslzis of A continuens

wi hawe b eateuary 7 S 7] of fapmoes,
Fheoyer 2. The ewlegories F fovi) aud J7 O {005 are cpuinelond,

Provi We define fonctors 00 Eopift 5 Cp {0, 0 0p i 3 fopily and

Rt i Hoofd be n topotogies] covering morplism, and et g SO L F
he bhe continuess inverse of {g, & Lot g B, GX O {H 00 (H) Then ¢ i
combpuons st b i elear that D= (Ob (HY; Ob (), ¢} is o fspaee. A map of
coveriy moyphisms nduves w merphism of (tspaces, so we have s funcior as
reguiredsd,

MNow les A5 Bl be o Jedt) apaee. Then we muake G inte o togrlogienl
grompoid with obdect space 5 s follows, The initial sand finel ssps sve defined by
3 jor 37 ol Bim 0T sl
Fhe verifieation thas FX& s o topelogioal wronpoid s straioht forward. The
prodection g0 X8 -0 i a P omorphism and B s clearky w Lopilagioad eovering
newphiam since {4, £ GXA « 655 s the dentity, (Once again we have o Banctor
& ws recgnivedd.

Clesriy g i The pelursl sguivalence @471 is given b the faot thai i
g H ol i w topokagion] covering morphism, then s GROL LN = s an so-

i, i

sarhisie of topoiogicad mroupoids.

Hemark. T4 io olesr from the ahbove proof thad thevs o general result. Lot &
B an arbieary cetenoly with pail-baeks, and let & be a mroupoid object in £
A covering groupord of 6 s a morphism g H -6 of groupeid obijeets in £ anch that
fg, &7 H G500 (B s an lsomorpiism i £ Then the eatesaries £p 60 and
e Borlls ave eyuivaiont,

W win e ggive sasmples of coverings and Fapaces by gbvings either fim,

and can also trenstide coneepts from e sadegory Info the othen

Example 1, 3T 6 e a topolegioad groupoid, then Ob ) i o fell Hopoass vin
the jdentite, the action belng given by s o=y for oo Ob (0 and ¢ £, ). Note
that this action derives fom the idendlly eovering morphism 10 & =7,

HS; g, 0d s o upnee, then (he ordils of § are the equivalence clasees undey
the sanivalence relagion 58 0 awd ouly Hi=e -5 for some o in G Fhese orbits
sanr b ddendified with the (abstractt components of the groupsid 638 defined

1 Mlh, Macke, Bd, 5

—
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i the proot of Theovers 2 ko partisular, & operates tramsitively om & (e & has
sy ome orlit Hand oty i the groupeid £58 is transitive.

The sat of arbis of & order 3 ety action of & & arithen 08, asd fhis sot
it ggiven the ideatifieation topelogy with respect to the projection § .68 How
ever, undike it the euse of wroups, this projection need not e an open nap.

Basmple 2 Leb 0 N be ap Mentifobion map ohich & nol an open map.
Profine atopodiiesl grasmpold 6 By O 0508, and {0 473 if §

i st and

vtherwine 7 (e & e[
compozition @0 which wndies it o grovpold alo mokos B g tepolegieel mronpoid,
Then &, the objedt space of 4 &= 0 lell Gapace, and the orbit space GOY may be
whentified with 7 Su i this rase 8600 1s ot open,

E ST pow) s A Ghepnes, and s08, then the sfabiltly gronpy ior balrapy grongd
af w i O eedmd cwmogd Chenrdy the covering mozphism g% 59 6 mans ihe
oldect group #7581 isomarphically to &,

A topulogioal covesine morphdems g0 B0 s ropulor 0 By o9 Ob 671 and
bt then eithor adl or nose of $he elesents of g Yal Beom obdest weous of #
It s easily vorified that ¢ svecelo i and only 10 Tor each 3 O5 (FY the oroup
o Rimiariy, a Gsmace (S poe s regader I oy s s in &

glLH iyt is nermal in (e
Lhe stalility grouyp &, of £ 05 normad e Glpst

Niowhers

Eaoaowimilas wao d0 deft fapaess we deline o right Gapeos {5, g
G ORI s continenis, 0 A 8, (siaee s g, 18 conbinaous with 3 {,: FA
by 1-1|¢ gribiback

.ﬁ‘ ;: _f:' ....... > ;'%'
i P
M +
E’.ir e ] » i}i] i{;'-:
g‘:

The axioms sre thet gle-oa)=de, -1 (g o - ol whenever they are
defined. The spoee of orbita of the actien i again .f»c.-il—dttfjllef}, azies for o visght
fFoaproe S s writhen S0

YW g trangler eft fepuces fo Tight (apaess, in the sune way as g done for

midims of groupe, by the ntls o - ges g

We conld alee fake owy above illﬂl‘;?"zi'eii]ﬁ of covering morphim o be o i
sowering and define s virht-rovering g0 F & to be o morphism suel that (4 g0
ool (H R e auhsvm*{mm]r'.mm Havweervir if Is easy to seethab e Fonorpham
i oA vigr-covering if and only 10 s o dellcovering.

Esample & Lot o N ¥ be o coverine mep of topoiogicad sneces, whese X,
¥ oage eeally pash-eonvected and send-locadly f-connected. in (47 a0 “lffed
topokny T i deseribed an dhe fundasestal <-=r*-'}*-*}}n§{is~' w b en that i-],],{*:\-," hesome
topedogicel mroupoids, amd it i proved that ap a0 —a Y s a topologieal sovering
morphison B0 X oblaine the slvacture of 2 a2l --:—:3341.-:_'13.

Anaihar examile of covering morphians comes o e morphism growpoid
L8 G uaed in T8
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Lt X6 De topodogiced grovpoids. Fhe sel of morphisme X 0 & wrilien
JECR G wee give dhis the compuctenpen topedoay s 9oseb ol fusctions from the
apaee of clouenis of X 4o the space of elonemis of 5 We pul a fopoelogy on the
prompodt £ so that i Becomes & epolngicsd groupok] with obijse space
SR A

oA, A oare sebs, et F{4, B} denote the spave of foncltions 4 - 8 with the
eostgaet-open topedesny. The elemsente of (X407 ot De fuken od palrs {8 such
fhat flo)== @) for ench o wd OB LX) 030 o B0 Thas Y, 67 can De ldentified
wildy the pub-Back in the dingean

7 — s F{L (N5, 05

v

0

01 '

LR

i &
HUX Y oo s (O (X, O (6633

anid thiz defines the tnpoleoy on (X, &1 The stoweluere maps of L3, 6 ave: {) &

(NG = WG me i the abovs gy 13 J0 8 G AN G piven Ty

oy e fi) o fFEar e X 30 the dentity e ALK G

¢ Frorer Doy 2€ 60 400 (ivd the inverse o

boenrle all these sivnel e fnnelion

P e g, where ol
b s given by e flas (L, whera foo
IV e XL G s e By [ F 0 - {80, £
arg contimeons, ol so QXY s topndegiond geowsold,

Proposition & Ler &0 4 =X Bs @ wsorpliosn of topalogioal grouwgoids such thet
Ui ds o Romenmeiphisie, Thee 30 X, 1= 7)) 45 o dopelagiead covering
g an.

Frooll Conswder 07, # 0 (806000, 1 E AN G0 Now (A, = Hed, ¥

e "

FFHOL (AL ZE Be we deline wr jnverse 1o §%, #7730 be fhe composite
Wi, GrEEOD (AL R LY, ¢ DN RO (45 G) X MIEL 6
R T LogEe gy T ;R
e O (8, Y OINN, G

We ooy emidbine led and riehd aetions v oooway which has boportans appii

i,
Feet (2, 5 be topobeuion] groupoids, &0 Fliapiec is oo gueintuple e 8000
8T g e e B Glapuee, (g, e iz a right Dapsee

where & oo togl
Gl
fj{f!'- Cad
FLCERE

s b Hoand wea, 200b are defined, Nodive fhat if o O 08 then

whonever 47
the aotion of & makes o Hyh o deft Sapace, while 1§ £ 00 030 then the action of I
madies p7 e a right o

B an aluse ol Tanguaees o adis say & s e 0 - Ihispaes vin p—q.

A stundant exsinple of - Goblpaase s the gronpeld & fteelf vin 08 with
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Tt fr H G be any morphism of topological groupoids, sl Bl ¢ O {H);
e charmateristio groip of £ 21 g bs the swlgmoup i Hiyh of G fi} Now Corellazy &
can bo restater in 2 way which shows it 40 be the basic gxistencs theoren: in he
Phoory of top

-] cencering serphinme,

Fleerem 6. Leb 0 be o froosifive topological grompotd with HAGSHORRE olject
sgranee, Lot o 20, and Iot B e a sribgrowg of Gat, Then there exlats & fompingioed
cesring ncrphism g B -4, aneh that H is trangifive ond there i oy 4 Ob (M)
et that fhe charaeteristic group of g &ty s 1 Further g2 2 17 stitiaftes the fellmetng
wnive rand property)

if r B By topological conering morphism, 220 (K is such that riz) ez
wisd the eharacleriatio growp of ¢ @ & eonteing B, then theve w5 o weigue topologioesl

The proed je given in § 4.

A wpecial eaze of this theoven & when IF s the trivial subgroup, so thatb
0, o Sty Fhen G X Stgr -6 in eadled v wasversnd tepotogical covering morphism of
£ sines it covers any other Topologival sovering s ism of G

% 2. i Joeally trivial cuse

An dmportant class of fepoiogiod yronpwids introdgeed by ERRESMANY s
that of localiv friviel grouwpeids. These anse in nafure hecanse of their close
cornection with prieipal bundies, From oum posil of view they are conveniont
Teanse one can consrunt coptinuess e of moerpbisms Froposition ¥,

Pefintifon, A topologiead groupaid & s locally tripial iF {or ench @, S0 ()
theve @ an open seighbourhend £, of v, and a continuows funetion A1 L7~
sk that A (e1EF e, x) for wl o e UL {Theve & lesely no loss b generality in
wemmming A 0a =1,

The following exmnpie shows thit lool trivishity s & vestrieiion.

Exanrpte 5, Let F e a nop-trivial tepologioal gronp with the diserete Lope Aoy,
amd b & be € with the indiserete topelogy, Mubiplication in the geenp turns R
it & left Gapace, The topologiesl groupeid © %A bt 0% 8 {a1) has
exwctly o element For ail s, 128 Wowever & ¥ s not keeally ivivial, since e
henttity rpaypng S -G ke ot contingous,

Suppose snw given & diagram of merphisms af groupolds,

in which g 8 a sovering morphism, Sugposs forther that F o tranwitive and that
ye O3l (B, 2 Oh L) watisfy gl Fiz). Then a necessary and suificiend camdition
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for f o it fo e merphian %0 F - sach thad Foz) gy s thad SUF{) s 0 sebgroup
of gUH Iy [ T1L page 167). However that proof of sufficley volves choosing n
tree in Foand so cannet be expeetod o go over to the Topokngios) case withong
adiditioral asmrptions. '

Fuppose given o coRRmiative hagrean

wushe that B, 00 I aze topalegden] gronpsids, Fis a 7 ¥ morphism, ¢ e topoio.
gicad covering sorpiism, and F* ko Fosorphism,

roposition T, If F L locally briviad then % Is continitons, 1o i a5 Hepioriphisn.

The pwoet i given i §4.

Fhis proposition enaldes alaebonic sesults siven i [2). FELE £er T friarsilufod
aate the topologieal cnse as follows,

Led qu B g"s B o7 e topodogiead covering morphisms snol that M, I

g A N
Corollagy 8, [F I i Toeally feisial, then there 13 n maigue dopofugical eoverin g
o Further

Coredlary 0. Lot H be w Jocelly iriviad topologiced sovgring groupoid of 7 snch
fhosd FLLa w03 hees owe elemend for ol obiecis &, of 8. Then 5 is @ wniversad fexpiooliogiacd
errbebig grongeaiid of €

T complete the story we need eviteria for o topologicsl covvering of & 2o be
wenlly briviei-this is most sonvenientdy phvased in tevms of Gepmees ae in the
wpon propesitzon, Thearem 12 fhen gives o wsefnd comdition fov the existence of

Beally trivial wopologiond coverings of £

Bet F1 X+ 1 beaomap of topelogion] speees. We san f s o sebmersdon if for
wach af X theve noan open neighhourhand I of fisd and o continuous finction
Av BT A aneh that Afin) = and Ji=y,

Xotive thai asnbmersion 15 Decesasily an apen HUEDTIBE,

LProposition M0 et F be o lopological groipoid ond (87 p, o) e ot {Fesprire,
Then the followsing conditions ave sqaivaiend.

060N e Toenelsy reladnd,

iy Fov eack g0 4, e Fusction gt Bhep(E =8, e g i be A safemersion,

Ui} Fer ench 8 in 08 fhe orDitdf, of & iz open i 8, and the progectiong 1 Slosist L
e fovally triviel pric ped & -Dundle.

The procl s given in §4,

A comsegronee of Proposition 10 s that 108 is 2 toansifive Gapace and G5 8
i lovally trivisl then & is homogensows. Al be tuking =08 i) we see that
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ol a localby trivial topelogioal yroupeid & by o wids, fotally distonnected, nonmal
subgrougeid & s eeally teivied To facd we prove more, wianely

Thesvem 13, Tot 5 be a looally trivded, lopologiond groupoid, wand ¥ o wide porinl
subgrowpotil of O suek thal Oh phy Ob (GO 67N Le o sadirersion. Pher G2V
{a 4 fooally teivigd topodoglend groupeid,

The procd is given in §4.

& d. Prosts

Proof of Propesilion I We bave a cosomstative diagrem

Ifl

&' -~ A

&

Lot g H -6 and ri B - H be topologieal eovering norphisms, Then olearly,
for sach R & 00 {8y p 180 5 a homeomorphism onka Sip(E ) so that g s an
abstract vovering morphbsm and the unigue 1lifting morphisn e, 6 %06 (H7) - 87
exists, Continuity {ollows easily from the dlngram,

. &, .
{; w iy {_Li"_{’} .............. if'm_+ H
(L2 0B {7}, ) %y %
~— k] x Fy o 1‘ £
GX{H} {I.fl‘] Xf}h [Ij"} ........ q .............. o F . {}]} I:_.-Ef’_:l

whets syt G Oh (H' - Ob (87 i the obvioss projestion,

Comversely, et ¢ H —6 and p: H -6 be topologienl covering morphisms.
Ehin agrade if Is ensy to see thad for any A OB HT), #1840 s & homeomorphism
Gnte ST o that dhe wmigue Ifling morphism s FF O (B B eociats
Comtingity follows from the disgram

- i)
X Bh(H L -
gXx/ 3

GX Up i}
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